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 
Abstract— In this letter, a parametric up-converter is 
introduced as a wideband impedance matching network for 
electrically small antennas. The proposed technique can also be 
applied to any narrowband load. Narrowband loads have a high-
quality factor because they store a large amount of energy 
throughout each cycle while dissipating a limited amount of power. 
We propose lowering a narrowband load's quality factor by 
increasing its dissipated power while maintaining the general noise 
figure of the system. The idea is to use a reactive network that 
emulates a positive resistor to drain power from the narrowband 
load. The suggested matching network includes a time-varying 
reactor (capacitor) which is not only a parametric amplifier but 
also a low noise element. 
 
Index Terms—Bode-Fano bound, Chu’s limit, parametric 
amplifier, small antenna, time-variant antenna, wideband 
matching. 
I. INTRODUCTION 
LECTRICALLY small antennas (ESAs) are one of the 
inseparable parts of many RF systems with applications in 
VHF and UHF transceivers, very low-frequency underwater 
communications, implanted devices, Internet of Things, and 
portable devices. At the same time, demands for greater 
information rates encourage the use of wideband antennas by 
radio engenders. Wheeler and Chu [1], however, showed that 
small electrical size and wide instant bandwidth cannot be 
realized concurrently using LTI methods. In the past, many 
efforts have been made to transmit high data rate and wideband 
signals using ESAs and break the Chu’s limit [2]. However, on 
the receiving side, the radio engineers have to trade noise figure 
with the bandwidth that in modern systems may not be a viable 
option. In this letter, we introduce an active matching 
methodology that dramatically increases the instantaneous 
bandwidth of a narrowband antenna while at the same rate it 
does not increase the system noise. 
Using Linear Time-Invariant (LTI) and lossless matching 
networks [3], Fano performed comprehensive research to match 
complicated loads (or sources) to a real impedance. In the case 
of matching a simple leaky inductor/capacitor to pure 
resistance, he concluded that the match's bandwidth is bounded 
by the quality factor of the leaky inductor/capacitor considering 
a fixed value for the reflection coefficient (return loss).  
Recently, parametric devices as nonlinear and/or time-
 
The authors are with the Bradley Department of Electrical and Computer 
Engineering, Virginia Polytechnic Institute and State University, Blacksburg, 
VA, 24061 USA (e-mail: pedraml@vt.edu; manteghi@vt.edu). 
variant components have regained researchers’ attention due to 
their applications in magnetless nonreciprocal devices [4], low 
noise active antennas [5], and wideband impedance matching 
techniques [6, 7]. In [7], the transmission line parameters are 
temporarily switched to match an RC shunt circuit as a complex 
load to a pure resistance beyond the Bode-Fano bound. This 
method, due to its reactive nature, improves noise performance 
compared to the Non-Foster matching technique [8]. However, 
its operation is restricted to short pulses because of its time-
domain nature. 
We used the topology of an up-converter parametric 
amplifier for Continuous Wave (CW) signals as a broadband 
matching circuit. A small receiving magnetic antenna is 
modeled as a voltage source (antenna open circuit voltage) 
connected to a series RL circuit (antenna reactance, L radiation 
resistance, R). Together with its tuning capacitor, the antenna 
model is considered as the input circuit (filter and source) for 
the up-converter parametric amplifier. The input impedance of 
the parametric amplifier is then tuned to introduce a positive 
resistance to the receiving circuit of the small antenna and, as a 
consequence, its quality factor is decreased. 
To demonstrate the idea of our proposed wideband matching 
technique, we used a straightforward circuit model for ESAs. In 
addition to measured data in our future works, a more 
sophisticated model for practical antennas will be explored. 
This paper is outlined as follows: the principle of the proposed 
technique is theoretically illustrated in chapter II. The 
simulation results obtained by the Advanced Design System 
(ADS) are then used to confirm theoretical outcomes in chapter 
IV. Finally, our findings are contrasted in section IV with Bode-
Fano in order to demonstrate the efficacy of the suggested 
method. 
II. PRINCIPLES OF THE WIDEBAND MATCHING TECHNIQUE 
First, in this section, we review the concept of the up-
converter parametric amplifier. The wideband matching 
method and its noise performance are then given using a simple 
example. 
A. Review of the Up-Converter Parametric Amplifier 
Fig 1 shows the small-signal model for an up-converter 
parametric amplifier. The series combination of La and C1 in the 
input circuit is tuned at fs as a bandpass filter, while in the output 
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circuit, C2 and L2 form a bandpass filter tuned at fo and RL is the 
load at fo. The received signal is modeled as a voltage source Va 
in series with the antenna radiation resistance Ra. The series 
combination of Va, Ra, and La is considered to be an ESA circuit 
model operating in the receive mode. 
In Fig. 1, 𝐶ሺ𝑡ሻ is a time-variant capacitor that can be a 
varactor diode modulated by a pump source at 𝑓௣ ൌ 𝑓௢ െ 𝑓௦. 
Time variation of the capacitor [9] can be simplified to:  
𝐶ሺ𝑡ሻ ൌ 𝐶଴ሺ1 ൅ 2𝑀 cosሺ2𝜋𝑓௣𝑡ሻሻ (1) 
where C0 and M are the average value of the time-domain 
capacitance and the modulation index, respectively. 
Furthermore, RS represents the loss of the varactor diode. The 
mixing of the sinusoidal waveform in the signal circuit at 𝑓௦ and 
the time modulated capacitor at 𝑓௣ produces a new harmonic at 
𝑓௢ ൌ 𝑓௣ ൅ 𝑓௦ in the output circuit. The amplifier gain, Ga, is 
computed as: 
𝐺௔ ൌ 𝑃𝑜𝑤𝑒𝑟 𝑑𝑒𝑙𝑖𝑣𝑒𝑟𝑒𝑑 𝑡𝑜 𝑅௅ 𝑎𝑡 𝑓௢𝐴𝑣𝑎𝑖𝑙𝑎𝑏𝑙𝑒 𝑝𝑜𝑤𝑒𝑟 𝑓𝑟𝑜𝑚 𝑠𝑜𝑢𝑟𝑐𝑒 𝑎𝑡 𝑓௦ ൌ  
4𝑅௔𝑉௅ଶ
𝑅௅𝑉௔ଶ  (2) 
where VL is the voltage across the load, RL. In [9], Ga is 
calculated using (2) at the center frequency of the amplifier 
frequency range. Gain over frequency ranges can be obtained 
after the same procedure as: 
𝐺௔ ൌ 4𝑅௔𝑅௅
ฬ𝑗2𝜋𝑓௦ሺ1 െ 𝑀ଶሻ𝐶଴𝑍்ை𝑍்ௌ𝑀 െ
𝑀
𝑗2𝜋𝑓௢ሺ1 െ 𝑀ଶሻ𝐶଴ฬ
ଶ (3) 
where, 
𝑍்ை ൌ 𝑅௅ ൅ 𝑅ௌ ൅ 𝑗2𝜋𝑓௢𝐿ଶ ൅ 1𝑗2𝜋𝑓௢𝐶ଶ ൅
1
𝑗2𝜋𝑓௢ሺ1 െ 𝑀ଶሻ𝐶଴ 
𝑍்ௌ ൌ 𝑅௔ ൅ 𝑅ௌ ൅ 𝑗2𝜋𝑓௦𝐿௔ ൅ 1𝑗2𝜋𝑓௦𝐶ଵ ൅
1
𝑗2𝜋𝑓௦ሺ1 െ 𝑀ଶሻ𝐶଴ 
 
Fig. 1.  The basic configuration of the up-converter parametric amplifier.  
B. Wideband Matching Technique 
It is necessary to specify fs and fo in order to design an up-
converter parametric amplifier. Therefore, as an example, we 
select fs = 150 MHz and fo = 2050 MHz. The values of the 
components for this model are given in the caption of Fig. 2. 
The amplifier gain is calculated using (3) for peak maximum 
condition (RL = Ra = 19.14) as a function of fs (input signal 
frequency) and the outcomes are plotted in solid line (Fig. 2). 
As shown in this figure, the bandwidth of the output stage 
(BW= 2.42 MHz) is nearly doubled compared to the resonator 
bandwidth of the input stage, which is defined as 
Δ𝑓ௌ ൌ 𝑓ௌ𝑄ௌ ൌ
𝑅௔
2𝜋𝐿௔ (4) 
where QS is the unloaded quality factor of the input circuit 
(receive antenna). The equivalent impedance of the time-
variant capacitor at fs is defined as: 
𝑍௜௡௦ ൌ 𝑉௜௡௦𝐼௜௡௦  (5) 
where Vins and Iins are the voltage and current of the time-
varying capacitor at fs as shown in Fig. 1. One can compute the 
real part of the equivalent impedance at mid-band as [9]: 
𝑅௜௡௦ ൌ Reሾ𝑍௜௡௦ሿ ൌ 𝑅௦ ൅ 𝑀
ଶ
4𝜋ଶ𝑓௦𝑓௢𝐶଴ଶሺ1 െ 𝑀ଶሻଶሺ𝑅௅ ൅ 𝑅ௌሻ (6) 
At this point, we can define the modified bandwidth of the 
input circuit resonator (after adding Rins) as: 
Δ𝑓ௌ௅ ൌ 𝑓ௌ𝑄ௌ௅ ൌ
ሺ𝑅௔ ൅ 𝑅௜௡௦ሻ
2𝜋𝐿௔  (7) 
where QSL is the loaded quality factor of the input circuit 
(receive antenna). For the maximum gain condition (matched 
case), Rins is equal to Ra resulting in ΔfSL = 2ΔfS which simply 
explains why the overall signal bandwidth is twice of the 
bandwidth of the unloaded input circuit resonator. 
According to (6) and (7), reducing the load resistance, RL, 
rises the equivalent resistance of the time variant capacitor, Rins, 
resulting in reducing the loaded quality factor of the input 
circuit and thus increasing its bandwidth. Fig. 2 demonstrates 
the calculated amplifier gain using (3) for different 𝑅௅ ൌ 𝑅௔ 
values. As shown in Fig. 2, reducing RL decreases the gain of 
the amplifier (and flattens it), also increasing its bandwidth. 
Gain reduction is due to input and output circuits impedance 
mismatch. 
Mismatch at the input circuit leads the signal to noise ratio to 
be reduced, resulting in the general noise figure of the receiver 
being degraded. However, owing to two primary factors, the 
general noise figure in the suggested method is still small: The 
antenna is a part of the amplifier circuit that allows omitting the 
loss of the transmission line between the antenna and the 
amplifier. Also, because of its reactive nature compared to the 
transistor counterpart which is a resistive element, the 
parametric amplifier is naturally a low noise device. 
 
Fig. 2. Amplifier gain versus source resistance (for all graphs RL = Ra, C1 = 0.5 
pF, C2 = 0.2 pF, C0 = 4 pF, M = 0.25, RS = 0.35 Ω, La = 2.55 µH, and L2 = 
31.74 nH). 
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We define bandwidth improvement as the bandwidth ratio of 
the amplifier output over the unloaded resonator of the input 
circuit. (BW/ Δ𝑓௦). Fig. 3 shows bandwidth enhancement and 
amplifier gain versus RL. As seen, the bandwidth has improved 
about 64 times for RL = Ra = 2.68 Ω, corresponding to 0 dB 
overall gain (the parametric amplifier gain was compensated for 
the mismatch loss). 
 
Fig. 3. Amplifier gain versus source resistance (for all graphs RL = Ra). 
C. Noise Considerations 
The noise figure of the up-converter parametric amplifier is 
defined as: 
𝑁𝐹 ൌ 𝑁௢௨௧𝑁௜𝐺௔ (8) 
where Nout is the output noise power delivered to the load as a 
result of noise generated by Ra at fs and noise generated by RS 
at fs and fo. The noise figure of the up-converter parametric 
amplifier at midband frequency was derived in [9]. We used the 
same method here to formulate the noise figure over the 
frequency ranges. Fig. 4 illustrates the noise figure for different 
values of RL = Ra. As depicted, the noise figure is lower than 3 
dB when RL = Ra = 2.68 Ω corresponding to 64 times bandwidth 
enhancement.  
  
Fig. 4.  Noise figure versus source resistance (for all graphs RL = RS). 
III. ADS SIMULATIONS 
Fig. 5 Shows ADS harmonic balance (HB) simulation setup. 
A series resonant circuit centered at fp along with AC source is 
utilized as a pump source (Pump circuitry is included in the 
time-variant capacitor block in the ADS simulation). This 
circuit loads the signal and output circuits and detunes their 
resonance frequencies slightly. To retune resonance 
frequencies, La has been decreased by 0.4% while L2 has been 
reduced by 0.7% compared to those given in the caption of Fig. 
2. All other components values remain unchanged in the ADS 
simulations. 
The nonlinear capacitor (C(v) = C0+C11v) model in the ADS 
is used as a core element of the parametric amplifier. In 
accordance with the previous section, C0 and RS are set to 4 pF 
and 0.35 Ω and C11 and pump voltage are adjusted to have M = 
0.25. It is worth mentioning that the values of C0, RS, and M are 
chosen based on the datasheet of the commercially available 
varactor diode (SMV1413 from Skyworks Co., Ltd.). 
Gain, noise figure, and phase response of ADS results are 
compared with analytical ones for two different values of the 
load resistance in Fig. 6, 7, and 8, respectively. As it is seen, 
ADS results are in close agreement with the analytical ones. 
 
Fig. 5.  ADS HB simulation setup. 
 
 
Fig. 6. Amplifier gain for Ra = RL = 19.14 and 2.68 Ω. 
 
 
Fig. 7. Amplifier noise figure for Ra = RL = 19.14 and 2.68 Ω. 
 
 
Fig. 8. Amplifier phase response for Ra = RL = 19.14 and 2.68 Ω. 
IV. BODE-FANO BOUND 
Matching networks is one of the basic components of the 
most of RF systems. Low insertion loss and wide bandwidth are 
common goals in the design of matching circuits. Fano has 
shown that there is a trade-off between these two objectives 
when a purely resistive load/source has to match a complex 
source/load impedance that incorporates lossless LTI matching 
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networks. [3]. His research resulted in some integral equations 
related to the reflection coefficient and matching bandwidth to 
the values of lumped components in the complex source/load. 
In the case of matching of the simple series RL circuit as a 
complex source to a purely resistive load, Fano’s integral 
equations simplify as follows: 
න ln 1|Γ| 𝑑𝑓 ൑
0.5
𝐿௔/𝑅௔
ஶ
଴
 (9) 
where is the reflection coefficient of the matching network. 
La and Ra are components of the series RL circuit which must 
be matched to a pure resistance RL = Ra. Equation (9) puts the 
upper limit on the area under ln(1/||) over the entire frequency 
band for prescribed La and Ra. Increasing the source quality 
factor (QS  (La/Ra)) reduces the upper limit, resulting in 
narrowing the maximum possible matching bandwidth of small 
antennas. As described in [3], considering constant value for 
ln(1/||) = (ln(1/||))max in the desired frequency range and 
making it zero in other frequencies leads to efficient use of the 
area under the integration. In this case, the maximum bandwidth 
of match is obtained as: 
∆𝑓௠௔௫ ൌ 0.5ሺ𝐿௔/𝑅௔ሻ ൈ ሺln 1|Γ|ሻ௠௔௫
 (10) 
Which requires a matching network with a large number of 
elements. For 3 dB mismatch loss ((ln(1/||))max = 0.35), La = 
2.54 µH, and Ra = 2.68 Ω, the maximum matching bandwidth 
is computed as Δfmax = 1.5 MHz. The gain function of such a 
network is shown in Fig. 10 (Bode-Fano unlimited case). 
Smaller number of elements decreases the matching bandwidth. 
A 4th order Chebyshev matching network has been designed for 
the same values of ||, La, and Ra using the method described in 
[3] and Fig. 9 shows ADS simulation of such a network.   
 
Fig. 9. LTI passive 4th order Chebyshev matching network based on Bode-
Fano technique. 
The gain function is calculated by ADS using G4th = 
4×(Ra/RL)×(VL/Vs)2 and is plotted in Fig. 10. 4th order 
Chebyshev matching network results in 3 dB bandwidth of 1.25 
MHz, which is slightly lower than the Δfmax = 1.5 MHz. 
For comparison, another ADS simulation is performed 
without utilizing any matching circuit. In this case, the same 
source impedance (La = 2.54 µH and Ra = 2.68 Ω) is tuned using 
a series capacitor and is connected directly to a matched load, 
RL = 2.68 Ω. The gain of this structure (loaded resonator) is 
plotted in Fig. 10 which shows 3 dB bandwidth of 335.8 kHz. 
The same values of La, Ra, and RL used to generate Fig. 6, 7, 
and 8 were implemented in our proposed matching circuitry and 
simulated using ADS. The ADS result for the overall gain is 
shown in Fig. 10 to clarify the effectiveness of our method. As 
seen, 3 dB bandwidth of 10.8 MHz is achieved using the 
proposed technique. The 3 dB bandwidth achieved by of our 
technique is 7.2, 8.6, and 32 times larger than that obtained 
bandwidth using the Bode-Fano unlimited case, Bode-Fano 4th 
order case, and the loaded resonator, respectively. It is 
necessary to point out that, as reported in Fig. 7, the noise figure 
of the proposed method is lower than 3 dB in the desired 
frequency ranges. 
 
Fig. 10. Comparison between the Bode-Fano method, the proposed 
technique, and the loaded resonator. In all graphs, the same values for the 
source impedance (La and Ra) and the load (RL) is considered. 
V. CONCLUSION 
A low noise technique to increase the impedance bandwidth 
of the small antennas was demonstrated using theoretical 
formulation and simulation results. Integrating small antenna 
circuit model to time-variant (active) reactor enabled us to 
overcome the Bode-Fano bound. In future works, this theory 
will be applied to practical small antennas. 
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